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Introduction
Toward greater focus and coherence

The composite standards [of Hong Kong, Korea and Singapore| have a number of features that can inform an
international benchmarking process for the development of K—6 mathematics standards in the US. First, the
composite standards concentrate the early learning of mathematics on the number, measurement, and geometry
strands with less emphasis on data analysis and little exposure to algebra. The Hong Kong standards for grades
13 devote approximately half the targeted time to numbers and almost all the time remaining to geometry and

measurement.

Ginsburg, Leinwand and Decker, 2009

Mathematics experiences in early childhood settings should concentrate on (1) number (which includes whole
number, operations, and relations) and (2) geometry, spatial relations, and measurement, with more mathematics
learning time devoted to number than to other topics. The mathematical process goals should be integrated in
these content areas. Children should understand the concepts and learn the skills exemplified in the teaching-

learning paths described in this report.

National Research Council, 2009

In general, the US textbooks do a much worse job than the Singapore textbooks in clarifying the mathematical
concepts that students must learn. Because the mathematics concepts in these textbooks are often weak, the
presentation becomes more mechanical than is ideal. We looked at both traditional and non-traditional

textbooks used in the US and found this conceptual weakness in both.

Ginsburg et al., 2005

Notable in the research base for these standards are conclusions from TIMSS and other
studies of high-performing countries that the traditional US mathematics curriculum must
become substantially more coherent and more focused in order to improve student
achievement in mathematics. To deliver on the promise of common standards, the standards
must address the problem of a curriculum that is ‘a mile wide and an inch deep.’ The draft
Common Core State Standards for Mathematics are a substantial answer to this challenge.

It is important to recognize that “fewer standards” are no substitute for focused standards.
Achieving “fewer standards” would be easy to do by simply resorting to broad, general
statements. Instead, the draft Common Core State Standards for Mathematics aim for clarity
and specificity.
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Assessing the coherence of a set of standards is more difficult than assessing their focus.
William Schmidt and Richard Houang (2002) have said that content standards and curricula
are coherent if they are:

articulated over time as a sequence of topics and performances that are logical and reflect, where appropriate,
the sequential or hierarchical nature of the disciplinary content from which the subject matter derives. That is,
what and how students are taught should reflect not only the topics that fall within a certain academic
discipline, but also the key ideas that determine how knowledge is organized and generated within that
discipline. This implies that “to be coherent,” a set of content standards must evolve from particulars (e.g., the
meaning and operations of whole numbers, including simple math facts and routine computational procedures
associated with whole numbers and fractions) to deeper structures inherent in the discipline. This deeper
structure then serves as a means for connecting the particulars (such as an understanding of the rational number

system and its properties). (emphasis added)

The draft Common Core State Standards for Mathematics endeavor to follow such a
design, not only by stressing conceptual understanding of the key ideas, but also by
continually returning to organizing principles such as place value or the laws of arithmetic to
structure those ideas.

The standards in this draft document define what students should understand and be able
to do. Asking a student to understand something means asking a teacher to assess whether
the student has understood it. But what does mathematical understanding look like? One
hallmark of mathematical understanding is the ability to justify, in a way appropriate to the
student’s mathematical maturity, why a particular mathematical statement is true or where a
mathematical rule comes from. There is a world of difference between the student who can
summon a mnemonic device such as “FOIL” to expand a product such as (a + b)(x + y) and a
student who can explain where that mnemonic comes from. Teachers often observe this
difference firsthand, even if large-scale assessments in the year 2010 often do not. The
student who can explain the rule understands the mathematics, and may have a better
chance to succeed at a less familiar task such as expanding (a + b + ¢)(x + y). Mathematical
understanding and procedural skill are equally important, and both are assessable using
mathematical tasks of sufficient richness.

The draft Common Core State Standards for Mathematics begin on the next page with
eight Standards for Mathematical Practice. These are not a list of individual math topics, but
rather a list of ways in which developing student-practitioners of mathematics increasingly
ought to engage with those topics as they grow in mathematical maturity and expertise
throughout the elementary, middle and high school years.

Grateful acknowledgment is here made to Dr. Cathy Kessel for editing the draft standards.
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Mathematics | Standards for Mathematical Practice

Proficient students of all ages expect mathematics to make sense. They take an active stance in solving
mathematical problems. When faced with a non-routine problem, they have the courage to plunge in and try
something, and they have the procedural and conceptual tools to continue. They are experimenters and
inventors, and can adapt known strategies to new problems. They think strategically.

The practices described below are encouraged in apprentices by expert mathematical thinkers. Students
who engage in these practices, individually and with their classmates, discover ideas and gain insights that
spur them to pursue mathematics beyond the classroom walls. They learn that effort counts in mathematical
achievement. Encouraging these practices in students of all ages should be as much a goal of the mathematics
curriculum as the learning of specific content.

1 Make sense of problems and persevere in solving them.

Mathematically proficient students start by explaining to themselves the meaning of a problem and looking for entry points to its
solution. They analyze givens, constraints, relationships, and goals. They make conjectures about the form and meaning of the
solution and plan a solution pathway rather than simply jumping into a solution attempt. They consider analogous problems, and
try special cases and simpler forms of the original problem in order to gain insight into its solution. They monitor and evaluate
their progress and change course if necessary. Older students might, depending on the context of the problem, transform
algebraic expressions or change the viewing window on their graphing calculator to get the information they need.
Mathematically proficient students can explain correspondences between equations, verbal descriptions, tables, and graphs or
draw diagrams of important features and relationships, graph data, and search for regularity or trends. Younger students might
rely on using concrete objects or pictures to help conceptualize and solve a problem. Mathematically proficient students check
their answers to problems using a different method, and they continually ask themselves, “Does this make sense?” They can

understand the approaches of others to solving complex problems and identify correspondences between different approaches.

2 Reason abstractly and quantitatively.

Mathematically proficient students make sense of the quantities and their relationships in problem situations. Students bring two
complementary abilities to bear on problems involving quantitative relationships: the ability to decontextualize—to abstract a given
situation and represent it symbolically and manipulate the representing symbols as if they have a life of their own, without
necessarily attending to their referents—and the ability to contextualize, to pause as needed during the manipulation process in
order to probe into the referents for the symbols involved. Quantitative reasoning entails habits of creating a coherent
representation of the problem at hand; considering the units involved; attending to the meaning of quantities, not just how to

compute them; and knowing and flexibly using different properties of operations and objects.

3 Construct viable arguments and critique the reasoning of others.

Mathematically proficient students understand and use stated assumptions, definitions, and previously established results in
constructing arguments. They make conjectures and build a logical progression of statements to explore the truth of their
conjectures. They are able to analyze situations by breaking them into cases, and can recognize and use counterexamples. They
justify their conclusions, communicate them to others, and respond to the arguments of others. They reason inductively about
data, making plausible arguments that take into account the context from which the data arose. Mathematically proficient
students are also able to compare the effectiveness of two plausible arguments, distinguish correct logic or reasoning from that
which is flawed, and—if there is a flaw in an argument—explain what it is. Elementary students can construct arguments using
concrete referents such as objects, drawings, diagrams, and actions. Such arguments can make sense and be correct, even though
they are not generalized or made formal until later grades. Later, students learn to determine domains to which an argument
applies. Students at all grades can listen or read the arguments of others, decide whether they make sense, and ask useful

questions to clarify or improve the arguments.

4 Model with mathematics.

Mathematically proficient students can apply the mathematics they know to solve problems arising in everyday life, society, and
the workplace. In early grades, this might be as simple as writing an addition equation to describe a situation. In middle grades, a
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student might apply proportional reasoning to plan a school event or analyze a problem in the community. By high school, a
student might use geometry to solve a design problem or use a function to describe how one quantity of interest depends on
another. Mathematically proficient students who can apply what they know are comfortable making assumptions and
approximations to simplify a complicated situation, realizing that these may need revision later. They are able to identify
important quantities in a practical situation and map their relationships using such tools as diagrams, 2-by-2 tables, graphs,
flowcharts and formulas. They can analyze those relationships mathematically to draw conclusions. They routinely interpret their
mathematical results in the context of the situation and reflect on whether the results make sense, possibly improving the model
if it has not served its purpose.

5 Use appropriate tools strategically.

Mathematically proficient students consider the available tools when solving a mathematical problem. These tools might include
pencil and paper, concrete models, ruler, protractor, calculator, spreadsheet, computer algebra system, statistical package, or
dynamic geometry software. Proficient students are sufficiently familiar with tools appropriate for their grade or course to make
sound decisions about when each of these tools might be helpful, recognizing both the insight to be gained and their limitations.
For example, mathematically proficient high school students interpret graphs of functions and solutions generated using a
graphing calculator. They detect possible errors by strategically using estimation and other mathematical knowledge. When
making mathematical models, they know that technology can enable them to visualize the results of varying assumptions, explore
consequences, and compare predictions with data. Mathematically proficient students at various grade levels are able to identify
relevant external mathematical resources, such as digital content located on a website, and use them to pose or solve problems.
They are able to use technological tools to explore and deepen their understanding of concepts.

6 Attend to precision.

Mathematically proficient students try to communicate precisely to others. They try to use clear definitions in discussion with
others and in their own reasoning. They state the meaning of the symbols they choose, are careful about specifying units of
measure, and labeling axes to clarify the correspondence with quantities in a problem. They express numerical answers with a
degree of precision appropriate for the problem context. In the elementary grades, students give carefully formulated
explanations to each other. By the time they reach high school they have learned to examine claims and make explicit use of

definitions.

7 Look for and make use of structure.

Mathematically proficient students look closely to discern a pattern or structure. Young students, for example, might notice that
three and seven more is the same amount as seven and three more, or they may sort a collection of shapes according to how many
sides the shapes have. Later, students will see 7 X 8 equals the well remembered 7 X 5 + 7 X 3, in preparation for learning about
the distributive property. In the expression x*+ 9x + 14, older students can see the 14 as 2 X 7 and the 9 as 2 + 7. They
recognize the significance of an existing line in a geometric figure and can use the strategy of drawing an auxiliary line for solving
problems. They also can step back for an overview and shift perspective. They can see complicated things, such as some algebraic
expressions, as single objects or as composed of several objects. For example, they can see 5 — 3(x — ) as 5 minus a positive
number times a square and use that to realize that its value cannot be more than 5 for any real numbers x and y.

8 Look for and express regularity in repeated reasoning.

Mathematically proficient students notice if calculations are repeated, and look both for general methods and for shortcuts.
Upper elementary students might notice when dividing 25 by 11 that they are repeating the same calculations over and over
again, and conclude they have a repeating decimal. By paying attention to the calculation of slope as they repeatedly check
whether points are on the line through (1, 2) with slope 3, middle school students might abstract the equation (y —2)/(x — 1) =
3. Noticing the regularity in the way terms cancel when expanding (x — 1)(x + 1), (x — DE+x+1),and (x— 1)’ + X+ x+ 1)
might lead them to the general formula for the sum of a geometric series. As they work to solve a problem, mathematically
proficient students maintain oversight of the process, while attending to the details. They continually evaluate the reasonableness
of their intermediate results.
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How to read the grade level standards

Domain Grade 6

1 Understand the concept of a ratio: Two quantities are said to be in a ratio of a to b when for every a units of the first
quantity there are b units of the second. For example, in a flock of birds, the ratio of wings to beaks might be 2 to 1; this ratio is also

written 2:1. In grade 6, limit to ratios qfnhoif numbers. ‘\
2. Make tables of equivalent ratios relating quantities with whole-number measurements, find missing values in the tables, and
Cluster plot the pairs of values on the coordinate plane. Standard

3. Solve for an unknown quantity in a problem involving two equal ratios.

4. Describe categoriml data sets using ratios (e.g., for every vote candidate A received, candidate C received nearly three
votes; the ratio of type O blood donors to type B blood donors was 9:2).

Unit rates

5. Understand that for a ratio a:b, the corresponding unit rate is 4/p. If there are o units of the first quantity for every b units
of the second, where b # 0, then there are 4/} units of the first quantity for 1 unit of the second. For example, if a recipe has a

ratio rj 3 cups fjﬂour to 4 cups cfsugm, then there is 3/4 cup qf:ﬂaurfor each cup qfsu‘cj;u‘

:d/r,tzd+1‘.

6/"'501\'e unit rate problems inr:luding unit pricing and constant speed, inr:luding reasoning with equations suchas d =rxt, r

/

Algebra
symbol

Standards define what students should understand and be able to do. Clusters are groups of related standards.
Note that standards from different clusters may sometimes be closely related, because mathematics is a connected
subject. Domains are larger groups of related standards. For each grade level in Grades K8, the standards are
organized into four or five domains. Standards from different domains may sometimes be closely related.

Algebra Symbol: Key standards for the development of algebraic thinking in Grades K—5 are indicated by
Glossary. In each grade, underlining is used for the first occurrence of a defined term, but not in subsequent
occurrences.

Note on Grade Placement of Topics. What students can learn at any particular grade level depends upon
what they have learned before. Ideally then, each standard in this document might have been phrased in the form,
“Students who already know A should next come to learn B.” But in the year 2010 this approach is unrealistic—not
least because existing education research cannot specify all such learning pathways. Of necessity therefore, grade
placements for specific topics have been made on the basis of state and international comparisons and the collective
experience and collective professional judgment of educators, researchers and mathematicians. One promise of
common state standards is that over time they will allow research on learning progressions to inform and improve the
design of standards to a much greater extent than is possible today. Learning opportunities will continue to vary
across schools and school systems, and educators should make every effort to meet the needs of individual students
based on their current understanding.

Note on Ordering of Topics within a Grade. These standards do not dictate curriculum. In particular, just
because topic A appears before topic B in the standards for a given grade, it does not necessarily mean that topic A
must be taught before topic B. A teacher might prefer to teach topic B before topic A, or might choose to highlight
connections by teaching topic A and topic B at the same time. Or, a teacher might prefer to teach a topic of his or her
own choosing that leads, as a byproduct, to students reaching the standards for topics A and B.
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Overview of the Mathematics Standards
Grades K-5

This table shows the domains and clusters in each grade K-5

K

e Number names
* Counting to tell

Operations and

addition and

situations and

situations and

situations and

Number— the number of
Countingand | objects
Cardinality o Comparing and
ordering
numbers
e Composing and | e Addition and o Addition and  Multiplication and| ¢ Multiplication
decomposing subtraction subtraction division and Division
Number— numbers; e Describing e Describing e Describing e Problem solving

with the four

e Structuring
rectangular shapes

the Problems subtraction solving problems | solving problems | solving problems operations
They Solve with addition and| with addition and| with
subtraction subtraction multiplication and
division
* Two-digit e Numbers up to | e Numbers up to | ¢ Numbers up to e Numbers up to | ¢ Whole numbers
numbers 100 1000 10,000 100,000 in base ten
» Composing and | ¢ Adding and * Adding and ¢ Adding and * Multiplying and | e Decimal
Number— decomposing ten |  subtracting in subtracting in subtracting in base| dividing in base concepts
Base Ten base ten base ten ten ten ¢ Operations on
¢ Multiplying and decimals
dividing in base
ten
e Fractions as e Operations on e Fraction
Number— representations of | fractions equivalence
Fractions numbers e Decimal concepts| ¢ Operations on
o Fractional fractions
quantities
e Direct e Length e Length o The number line |e The number line | e Units of measure
measurement measurement measurement and units of and units of e Volume
* Representing and| e Time ¢ Time and money | measure measure * Representing and
Measurement interpreting data | measurement * Representing and| e Perimeter and o Perimeter and interpreting data
and Data  Representing and interpreting data | area area
interpreting data * Representing and | Angle
interpreting data measurement
* Representing and
interpreting data
o Shapes, their o Shapes, their o Shapes, their * Properties of 2- | e Lines and angles | e Coordinates
attributes, and attributes, and attributes, and dimensional e Line symmetry | e Plane figures
Geometry spatial reasoning | spatial reasoning | spatial reasoning | shapes
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Overview of the Mathematics Standards

Grades 6-8

This table shows the domains and clusters in each grade 6-8.

Grade

7

numbers

* The system of real numbers

Ratios and o Ratios ¢ Analyzing proportional

Proportional e Unit rates relationships

Relationships o Percent

The Number * Operations o The system of rational e The system of real numbers
System o The system of rational numbers

Expressions and

e Expressions

¢ Quantitative relationships and

e Expressions

¢ Quantitative relationships and

* Slopes of lines in the
coordinate plane

Equations the algebraic approach to the algebraic approach to e Linear equations and systems
problems solving problems
e Function concepts
Functions o Functional relationships
between quantities
e Properties of area, surface « Congruence and similarity e Congruence and similarity
Geometry area, and volume « Angles

o The Pythagorean Theorem
e Plane and solid geometry

Statistics and
Probability

¢ Variability and measures of
center
e Summarizing and describing

distributions

e Situations involving
randomness

e Random samp]ing to draw
inferences about a population

¢ Comparative inferences about
two populations

o Patterns of association in
bivariate data
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Mathematics | Kindergarten

In Kindergarten, instructional time should focus on two critical arcas: (1) representing, comparing and ordering
whole numbers and joining and separating sets; (2) describing shapes and space. More learning time in Kindergarten
should be devoted to number than to other topics.

(1) Students use numbers, including written numerals, to represent quantities and to solve quantitative problems,
such as counting objects in a set; creating a set with a given number of objects; comparing and ordering sets or
numerals; and modeling simple joining and separating situations with objects. They choose, combine, and apply
cffective strategies for answering quantitative questions, including quickly recognizing the cardinalities of small sets of
objects, counting and producing sets of given sizes, counting the number of objects in combined sets, or counting the
number of objects that remain in a set after some are taken away.

(2) Students describe their physical world using geometric ideas (e.g., shape, orientation, spatial relations) and
vocabulary. They identify, name, and describe basic shapes, such as squares, triangles, circles, rectangles, (regular)
hexagons, and (isosceles) trapezoids, presented in a variety of ways (e.g., with different sizes or orientations), as well
as three-dimensional shapes such as spheres, cubes, and cylinders. They use basic shapes and spatial reasoning to

model objects in their environment and to construct more complex shapes.
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Number—Counting and Cardinality K-NCC

Number names

1.
2.
3.

4.

Say the number name sequence to 100.

Say the number name sequence forward or backward beginning from a given number within the known sequence (instead
of always beginning at 1).

Worite numbers from 1 to 20 in base-ten notation.

Counting to tell the number of objects

5.

6.

7.

Count to answer “how many?” questions about as many as 20 things. Objects may be arranged in a line, a rectangular array, a
circle, or a scattered configuration.

Understand that when counting objects,
a. The number names are said in the standard order.
b. Each object is paired with one and only one number name.
c. The last number name said tells the number of objects counted.

Understand that when counting forward, each successive number name refers to a quantity that is 1 larger.

Comparing and ordering numbers

8. Identify whether the number of objects in one group is greater than, less than, or equal to the number of objects in another
group, e.g., by using matching and counting strategies. Include groups with up to ten objects.
9. Compare and put in order numbers between 1 and 10 presented in written symbols: 1, 2, 3,4, 5,6, 7, 8,9, 10.
Number—Operations and the Problems They Solve K-NOP

Composing and decomposing numbers; addition and subtraction

1. Understand addition as putting together—e.g., finding the number of objects in a group formed by putting two groups
together. Understand subtraction as taking apart—e.g., finding the number of objects left when a one group is taken from
another.

2. Represent addition and subtraction with objects, fingers, mental images, drawings, sounds (e.g., claps), acting out
situations, verbal explanations, expressions, or equations. Note that drawings need not show details, but should show the
mathematics in the problem. (This note also applies wherever drawings are mentioned in subsequent standards.)

3. ‘:‘Decompose numbers less than or equal to 10 into pairs in various ways, e.g., using objects or drawings, and record each
decomposition by a drawing or equation (e.g., 5 = 2 + 3). Compose numbers whose sum is less than or equal to 10, e.g.,
using objects or drawings, and record each composition by a drawing or equation (e.g.,3 +1 = 4).*

4. Compose and decompose numbers less than or equal to 10 in two different ways, and record compositions and
decompositions by drawings or equations. For example, 7 might be composed or decomposed in two different ways by a drawing
showing how a group of 2 and a group of 5 together make the same number as do a group of 3 and a group of 4.

5. *Understand that addition and subtraction are related. For example, when a group of 9 is decomposed into a group of 6 and a group
of 3, this means not only 9 = 6 + 3 but also 9 —3 =6 and 9 — 6 = 3.

6. “Solve addition and subtraction word problems, and calculate additions and subtractions within 10, e.g., using objects or
drawings to represent the problem.

7. Fluently add and subtract, for sums and minuends of 5 or less.

Number—Base Ten K-NBT

Two-digit numbers

1.
2.
3.

Understand that 10 can be thought of as a bundle of ones—a unit called a “ten.”

Compose and decompose teen numbers into a ten and some ones, e.g., by using objects or drawings, and record the
compositions and decompositions in base-ten notation. For example, 10 + 8§ = 18 and 14 = 10 + 4.

Put in order numbers presented in base-ten notation from 1 to 20 (inclusive), and be able to explain the reasoning.

Understand that the two digits ofa two—digit number represent amounts of tens and ones. In 29, for example, the 2 represents

two tens and the 9 represents nine ones.
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Composing and decomposing ten

7. Decompose 10 into pairs of numbers, e.g., by using objects or drawings, and record each decomposition with a drawing or
equation.
8. Compose numbers to make 10, e.g., by using objects or drawings, and record each composition with a drawing or
equation.
9. *For any number from 1 to 9, find the number that makes 10 when added to the given number, e.g., by using objects or
drawings, and record the answer with a drawing or equation.
Measurement and Data K-MD

Direct measurement

1.

Understand that objects have measurable attributes, such as length or weight. A single object might have several
measurable attributes of interest.

Directly compare two objects with a measurable attribute in common, to see which object has “more of” the attribute. For
example, directly compare the heights of two books and identify which book is taller.

Representing and interpreting data

3. Classify objects or people into given categories; count the numbers in each category and sort the categories by count. Limit
category counts to be less than or equal to 10.
Geometry K-G

Shapes, their attributes, and spatial reasoning

1.

Describe objects in the environment using names of shapes, and describe the relative positions of these objects using terms
such as above, below, beside, in front of, behind, and next to.

Understand that names of shapes apply regardless of the orientation or overall size of the shape. For example, a square in any
orientation is still a square. Students may initially need to physically rotate a shape until it is “level” before they can correctly name it.
Understand that shapes can be two-dimensional (lying in a plane, “flat”) or three-dimensional (“solid”).

Understand that shapes can be seen as having parts, such as sides and vertices (“corners”), and that shapes can be put
together to compose other shapes.

Analyze and compare a variety of two- and three-dimensional shapes, in different sizes and orientations, using informal
language to describe their similarities, differences, component parts (e.g., number of sides and vertices) and other
attributes (e.g., having sides of equal length).

Combine two- or three-dimensional shapes to solve problems such as deciding which puzzle piece will fit into a place in a

puzzle.
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Mathematics | Grade 1

In Grade 1, instructional time should focus on four critical areas: (1) developing understanding of addition,
relationships, including grouping in tens and ones, (3) developing understanding of linear measurement and
measuring lengths, and (4) composing and decomposing geometric shapes.

(1) Students develop strategies for adding and subtracting whole numbers based on their prior work with small
numbers. They use a variety of models, including discrete objects and length-based models (e.g., cubes connected to
form lengths), to model “put together/take apart,” “add to,” “take from,” and “compare” situations to develop
meaning for the operations of addition and subtraction, and to develop strategies to solve arithmetic problems with
these operations. Students understand connections between counting and addition and subtraction (i.e., adding two is
the same as counting on two). They use properties of addition (commutativity and associativity) to add whole
numbers and to create and use increasingly sophisticated strategies based on these properties (e.g., “making tens”) to
solve addition and subtraction problems within 20. By comparing a variety of solution strategies, children build their
understanding of the inverse relationship between addition and subtraction.

(2) Students compare and order whole numbers (at least to 100), to develop understanding of and solve problems
involving their relative sizes. They think of whole numbers between 10 and 100 in terms of tens and ones (especially
recognizing the numbers 11 to 19 as composed of a ten and some ones). They understand the sequential order of the
counting numbers and their relative magnitudes through activities such as representing numbers on paths of
numbered things.

(3) Students develop an understanding of the meaning and processes of measurement, including underlying
concepts such as partitioning (the mental activity of decomposing the length of an object into equal-sized units) and
transitivity (e.g., in terms of length, if object A is longer than object B and object B is longer than object C, then
object A is longer than object C). They understand linear measure as an iteration of units, and use rulers and other
measurement tools with that understanding.

(4) Students compose and decompose plane and solid figures (e.g., put two congruent isosceles triangles together
to make a rhombus), building understanding of part-whole relationships as well as the properties of the original and
composite shapes. As they combine solid and plane figures, they recognize them from different perspectives and
orientations, describe their geometric attributes, and determine how they are alike and different, to develop the
background for measurement and for initial understandings of properties such as congruence and symmetry.
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Number—Operations and the Problems They Solve 1-NOP

Addition and subtraction

1.

*Understand the properties of addition.

a. Addition is commutative. For example, if 3 cups are added to a stack of 8 cups, then the total number of cups is the same as when

adding 3 + 2 =5 then adding 4 + 5 = 9.
c. 0is the additive identity.

':‘Explain and justify properties of addition and subtraction, e.g., by using representations such as objects, drawings, and
story contexts. Explain what happens when:

a. The order of addends in a sum is changed in a sum with two addends.

b. 0isadded to a number.

c. A number is subtracted from itself.

d. One addend in a sum is increased by 1 and the other addend is decreased by 1. Limit to two addends.

*Understand that addition and subtraction have an inverse relationship. For example, if 8§ + 2 = 10 is known, then 10 —2 = §
and 10 — 8 = 2 are also known.

“Understand that when all but one of three numbers in an addition or subtraction equation are known, the unknown
number can be found. Limit to cases where the unknown number is a whole number.

Understand that addition can be recorded by an expression (e.g., 6 + 3), or by an equation that shows the sum (e.g., 6 + 3

=9). Likewise, subtraction can be recorded by an expression (e.g., 9 —5), or by an equation that shows the difference

(e.g.,9-5=4).

Describing situations and solving problems with addition and subtraction

6. Understand that addition and subtraction apply to situations of adding-to, taking-from, putting together, taking apart, and
comparing. See Glossary, Table 1.

7. *Solve word problems involving addition and subtraction within 20, e.g., by using objects, drawings and equations to
represent the problem. Students should work with all of the addition and subtraction situations shown in the Glossary, Table 1, solving
problems with unknowns in all positions, and representing these situations with equations that use a Symbolfor the unknown (e.g., a
question mark or a small square). Grade | students need not master the more difficult problem types.

8. Solve word problems involving addition of three whole numbers whose sum is less than or equal to 20.

Number—Base Ten 1-NBT

Numbers up to 100

1.
2.
3.

Read and write numbers to 100.
Starting at any number, count to 100 or beyond.

Understand that when comparing two-digit numbers, if one number has more tens, it is greater; if the amount of tens is the
same in each number, then the number with more ones is greater.

Compare and order two-digit numbers based on meanings of the tens and ones digits, using > and < symbols to record the
results of comparisons.

Adding and subtracting in base ten

5.

Calculate mentally, additions and subtractions within 20.

a. Use strategies that include counting on; making ten (for example, 7+ 6 =7 + 3 +3 =10 + 3 = 13); and

Understand that in adding or subtracting two-digit numbers, one adds or subtracts like units (tens and tens, ones and ones)

and sometimes it is necessary to compose or decompose a higher value unit.
Given a two-digit number, mentally find 10 more or 10 less than the number, without having to count.

Add one-digit numbers to two-digit numbers, and add multiples of 10 to one-digit and two-digit numbers.

. Explain addition of two-digit numbers using concrete models or drawings to show composition of a ten or a hundred.

.*Add two-digit numbers to two-digit numbers using strategies based on place value, properties of operations, and/or the

inverse relationship between addition and subtraction; explain the reasoning used.
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Measurement and Data 1-MD

Length measurement

1.
2.

3.

Order three objects by length; compare the length of two objects indirectly by using a third object.

Understand that the length of an object can be expressed numerically by using another object as a length unit (such as a
paper-clip, yardstick, or inch length on a ruler). The object to be measured is partitioned into as many equal parts as
possible with the same length as the length unit. The length measurement of the object is the number of length units that
span it with no gaps or overlaps. For example, “T can put four paperclips end to end along the pencil, so the pencil is four paperclips
long.”

Measure the length of an object by using another object as a length unit.

Time measurement

4.

Tell time from analog clocks in hours and half- or quarter-hours.

Representing and interpreting data

5. Organize, represent, and interpret data with several categories; ask and answer questions about the total number of data
points, how many in each category, and how many more or less are in one category than in another.
Geometry 1-G

Shapes, their attributes, and spatial reasoning

1.

Distinguish between defining attributes (e.g., triangles are closed and three-sided) versus non-defining attributes (e.g.,
color, orientation, overall size) for a wide variety of shapes.

Understand that shapes can be joined together (composed) to form a larger shape or taken apart (decomposed) into a
collection of smaller shapes. Composing multiple copies of some shapes creates tilings. In this grade, “circles,” “rectangles,” and

other shapes include their interiors as well as their boundaries.

Compose two-dimensional shapes to create a unit, using cutouts of rectangles, squares, triangles, half-circles, and quarter-

circles. Form new shapes by repeating the unit.

Compose three-dimensional shapes to create a unit, using concrete models of cubes, right rectangular prisms, right circular
cones, and right circular cylinders. Form new shapes by repeating the unit. Students do not need to learn formal names such as
“right rectangular prism.”

Decompose circles and rectangles into two and four equal parts. Describe the parts using the words halves, fourths, and
quarters, and using the phrases half of, fourth of, and quarter of. Describe the whole as two of, or four of the parts.
Understand that decomposing into more equal shares creates smaller shares.

Decompose two-dimensional shapes into rectangles, squares, triangles, half-circles, and quarter-circles, including

decompositions into equal shares.
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Mathematics | Grade 2

In Grade 2, instructional time should focus on three critical areas: (1) developing understanding of base-ten
subtraction; and (3) describing and analyzing shapes.

(1) Students develop an understanding of the base-ten system (at least to 1000). Their understanding of the base-
ten system includes ideas of counting in units (twos, fives, and tens) and multiples of hundreds, tens, and ones, as
well as number relationships, including comparing and ordering. They understand multi-digit numbers (up to 1000)
written in base-ten notation, recognizing that the digits in each place represent thousands, hundreds, tens, or ones
(e.g., 853 is 8 hundreds + 5 tens + 3 ones).

They solve arithmetic problems by applying their understanding of models for addition and subtraction (such as
combining or separating sets or using number lines that begin with zero), relationships and properties of numbers,
and properties of addition. They develop, discuss, and use efficient, accurate, and generalizable methods to compute
sums and differences of two-digit whole numbers. They select and accurately apply methods that are appropriate for
the context and the numbers involved to mentally calculate sums and differences. They develop fluency with efficient
procedures, including standard algorithms, for adding and subtracting whole numbers; understand and explain why
the procedures work based on their understanding of base-ten notation and properties of operations; and use them to
solve problems.

(3) Students describe and analyze shapes by examining their sides and angles. Students investigate, describe, and
reason about decomposing and combining shapes to make other shapes. Through building, drawing, and analyzing
two- and three-dimensional shapes, students develop a foundation for understanding attributes of two- and three-
dimensional space such as area and volume, and properties such as congruence and symmetry that they will learn
about in later grades.
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Number—Operations and the Problems They Solve 2-NOP

Addition and subtraction

1.

':’Explain and justify properties of addition and subtraction, e.g., by using representations such as objects, drawings, and
story contexts. Include properties such as:

Changing the order of addends does not change their sum.

a.
b. Subtracting one addend from a sum of two numbers results in the other addend.

g

If more is subtracted from a number, the difference is decreased, and if less is subtracted the difference is increased.

A

In an addition equation, each addend can be decomposed and the parts can be recombined in any order without
Changing the sum. For example, 5 + 3 = 8. Because 5 decomposes as 4 + 1, the first addend can be replaced by 4 + 1, yielding
(4 + 1) + 3 = 8. Recombining in two different orders: 4 + 4 =8, also 7 + 1 = 8.

Describing situations and solving problems with addition and subtraction

2. *Solve word problems involving addition and subtraction within 100, e.g., by using drawings or equations to represent the
problem. Students should work with all grthe addition and subtraction situations shown in the Glossary, Table 1, solving problems with
unknown sums, addends, differences, minuends, and subtrahends, and representing these situations with equations that use a symbol for the
unknown (e.g., a question mark or a small square). Focus on the more difficult problem types.

3. Solve two-step word problems involving addition and subtraction within 100, e.g., by using drawings or equations to
represent the problem.

Number—Base Ten 2-NBT

Numbers up to 1000

1.

2
3.
4

5.

Understand that 100 can be thought of as a bundle of tens—a unit called a “hundred.”
Count within 1000; skip count by 2s, 5s, 10s, and 100s.

Understand that when comparing three-digit numbers, if one number has more hundreds, it is greater; if the amount of
hundreds is the same in each number, then the number with more tens is greater. If the amount of tens and hundreds is the

same in each number, then the number with more ones is greater.

Compare and order three-digit numbers based on meanings of the hundreds, tens, and ones digits.

Adding and subtracting in base ten

6. Fluently add and subtract within 20. By end of Grade 2, know from memory sums of one-digit numbers.

7. Mentally compute sums and differences of multiples of 10. For example, mentally calculate 130 — 80.

8. Understand that in adding or subtracting three-digit numbers, one adds or subtracts like units (hundreds and hundreds,
tens and tens, ones and ones) and sometimes it is necessary to compose or decompose a higher value unit.

9. Given a number from 100 to 900, mentally find 10 more or 10 less than the number, and mentally find 100 more or 100
less than the number, without counting.

10. Understand that algorithms are predefined steps that give the correct result in every case, while strategies are purposeful
manipulations that may be chosen for specific problems, may not have a fixed order, and may be aimed at converting one
problem into another. For example, one might mentally compute 503 — 398 as follows: 398 + 2 = 400, 400 + 100 = 500, 500 +
3 = 503, so the answer is 2 + 100 + 3, or 105.

1.* Compute sums and differences of one-, two-, and three-digit numbers using strategies based on place value, properties of
operations, and/or the inverse relationship between addition and subtraction; explain the reasoning used.

12. ‘:'Explain why addition and subtraction strategies and algorithms work, using place value and the properties of operations.
Include explanations supported by drawings or objects. A range of reasonably efficient algorithms may be covered, not only the standard
algorithm.

13. Compute sums of two three-digit numbers, and compute sums of three or four two-digit numbers, using the standard
algorithm; compute differences of two three-digit numbers using the standard algorithm.

Measurement and Data 2-MD

Length measurement

1.
2.

Understand that 1 inch, 1 foot, 1 centimeter, and 1 meter are conventionally defined lengths used as standard units.

Measure lengths using measurement tools such as rulers, yardsticks and measuring tapes; understand that these tools are
used to find out how many standard length units span an object with no gaps or overlaps, when the 0 mark of the tool is
aligned with an end of the object.

Common Core State Standards | Mathematics | Grade 2 16



3. Understand that when measuring a length, if a smaller unit is used, more copies of that unit are needed to measure the
length than would be necessary if a larger unit were used.

4. Understand that units can be decomposed into smaller units, e.g., 1 foot can be decomposed into 12 inches and 1 meter
can be decomposed into 100 centimeters. A small number of long units might compose a greater length than a large
number of small units.

5. Understand that lengths can be compared by placing objects side by side, with one end lined up. The difference in lengths is
how far the longer extends beyond the end of the shorter.

6. Understand that a sum of two whole numbers can represent a combination of two lengths; a difference of two whole
numbers can represent a difference in length; find total lengths and differences in lengths using addition and subtraction.

Time and money
7. Find time intervals between hours in one day.

8. Solve word problems involving dollar bills, quarters, dimes, nickels and pennies. Do not include dollars and cents in the same

problem.

Representing and interpreting data

9. Generate measurement data by measuring whole-unit lengths of several objects, or by making repeated measurements of
the same object. Show the measurements by making a dot plot, where the horizontal scale is marked off in whole-number
units.

10. Draw a picture graph and a bar graph (with single-unit scale) to represent a data set with several categories. Connect
representations on bar graph scales, rulers, and number lines that begin with zero. Solve simple Put Together/Take Apart

and Compare problems using information presented in a bar graph. See Glossary, Table I.

Geometry 2-G

Shapes, their attributes, and spatial reasoning
1. Understand that different categories of shapes (e.g., rhombuses, trapezoids, rectangles, and others) can be united into a
larger category (e.g., quadrilaterals) on the basis of shared attributes (e.g., having four straight sides).
2. Identify and name polygons of up to six sides by the number of their sides or angles.

3. Recognize rectangles, thombuses, squares and trapezoids as examples of quadrilaterals; draw examples of quadrilaterals
that do not belong to any of these subcategories.

4. Draw and identify shapes that have specific attributes, such as number of equal sides or number of equal angles. Sizes of
lengths and angles are compared directly or visually, not compared by measuring.

5. Recognize objects as resembling spheres, right circular cylinders, and right rectangular prisms. Students do not need to learn
_formal names such as “right rectangular prism.”

6. Decompose circular and rectangular objects into two, three, or four equal parts. Describe the parts using the words halves,

thirds, half of, a third of, etc.; describe the wholes as two halves, three thirds, four fourths. Recognize that a half, a third, or
a fourth of a circular or rectangular object—a graham cracker, for example—is the same size regardless of its shape.
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Mathematics | Grade 3

In Grade 3, instructional time should focus on four critical areas: (1) developing understanding of multiplication
and division and strategies for multiplication and division within 100; (2) developing understanding of fractions,
starting with unit fractions; (3) developing understanding of the structure of rectangular arrays and of area; and (4)
describing and analyzing two-dimensional shapes. Multiplication, division, and fractions are the most important
developments in Grade 3.

(1) Students develop an understanding of the meanings of multiplication and division of whole numbers through the
use of representations such as equal-sized groups, arrays, area models, and equal jumps on number lines for
multiplication; and successive subtraction, partitioning, and sharing for division. Through this process, numbers
themselves take on new meaning and are no longer only counters for single objects. They represent groups, a number
of groups (for example, 3 teams of 6 people), or a comparative factor (3 times as long).

Students use properties of operations to calculate products of whole numbers. They use increasingly sophisticated
strategies based on these properties to solve multiplication and division problems involving single-digit factors. By
comparing a variety of solution strategies, students learn the inverse relationship between multiplication and division.

(2) Students develop an understanding of a definition of a fraction, beginning with unit fractions. They use fractions
to represent parts of a whole or distances on a number line that begins with zero. Students understand that the size of
a fractional part is relative to the size of the whole (for example, ¥4 of a mile is longer than % of a foot, even though
Y4 < %), and they are able to use fractions to represent numbers equal to, less than, and greater than one. They solve
problems that involve comparing and ordering fractions using by models or strategies based on noticing common
numerators or denominators.

(3) Students recognize area as an attribute of two-dimensional regions. They understand that area can be quantified
by finding the total number of same-size units of area required to cover the shape without gaps or overlaps. They
understand that a 1-unit by 1-unit square is the standard unit for measuring area. Students understand that rectangular
arrays can be decomposed into identical rows or into identical columns. By decomposing rectangles into rectangular
arrays of squares, students connect area measure to the area model used to represent multiplication, and they use this
connection to justify using multiplication to determine the area of a rectangle. Students contrast area with perimeter.

(4) Students describe, analyze, and compare properties of two-dimensional shapes. They compare and classify the
shapes by their sides and angles, and connect these with definitions of shapes. Students investigate, describe, and
reason about decomposing and combining polygons to make other polygons. Through building, drawing, and
analyzing two-dimensional shapes, students deepen their understanding of attributes and properties of two-

dimensional objects.
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Number—Operations and the Problems They Solve 3-NOP

Multiplication and division

1. Understand that multiplication of whole numbers is repeated addition. For example, 5 x 7 means 7 added to itself 5 times.

Products can be represented by rectangular arrays, with onefactor the number qfrows and the other the number cfco]umns.
2. “*Understand the properties of multiplication.

a. Multiplication is commutative. For example, the total number in 3 groups with 6 things each is the same as the total number in

= 24, or by first calculating 3 x 2 = 6 then calculating 4 x 6 = 24.

c. 1is the multiplicative identity.

d. Multiplication distributes over addition (the distributive property). For example, 5 X (3 +4) = (5x 3) + (5 x 4).

3. ':‘Explain and justify properties of multiplication and division, e.g., by using representations such as objects, drawings, and
story contexts. Include properties such as:

a. Changing the order of two factors does not change their product.
b. The product of a number and 1 is the number.

c. Dividing a nonzero number by itself yields 1.

a

Multiplying a quantity by a nonzero number, then dividing by the same number, yields the original quantity.

e. When one factor in a product is multiplied by a number and another factor divided by the same number, the product
is unchanged. Limit to multiplying and dividing by numbers that result in whole-number quotients.

f.  Products where one factor is a one-digit number can be computed by decomposing one factor as the sum of two

numbers, multiplying each number by the other factor, and adding the two products.

4. *Understand that multiplication and division have an inverse relationship. For example, if 5 x 7 = 35 is known, then 35 + 5 =
7 and 35 + 7 =5 are also known. The division 35 + 5 means the number which yields 35 when multiplied by 5; because 5 x 7 = 35,
then 35 +5 =7.

5. *Understand that when all but one of three numbers in a multiplication or division equation are known, the unknown

number can be found. Limit to cases where the unknown number is a whole number.

Describing situations and solving problems with multiplication and division

6. Understand that multiplication and division apply to situations with equal groups, arrays or area, and comparing. See
Glossary, Table 2.

to represent the problcm. This standard is limited to problems with whole-number quantities and whole-number quotients. Focus on

situations described in the Glossary, Table 2.

8. “Solve one- or two-step word problems involving the four operations. This standard is limited to problems with whole-number

quantities and whole-number quotients.

9. Understand that multiplication and division can be used to compare quantities (see Glossary, Table 2); solve multiplicative
comparison problems with whole numbers (problems involving the notion of “times as much”).

Number—Base Ten 3-NBT

Numbers up to 10,000
1. Understand that 1000 can be thought of as a bundle of hundreds—a unit called a “thousand.”
2. Read and write numbers to 10,000 using base-ten notation, number names, and expanded form.

3. Count within 10,000; skip count by 10s, 100s and 1000s.

4. Understand that when comparing four-digit numbers, if one number has more thousands, it is greater; if the amount of
thousands is the same in each number, then the number with more hundreds is greater; and so on. Compare and order
four-digit numbers based on meanings of the digits.

Adding and subtracting in base ten
5. Mentally calculate sums and differences of multiples of 10, 100, and 1000. For example, mentally calculate 1300 — 800

6. Given a number from 1000 to 9000, mentally find 100 more or 100 less than the number, and mentally find 1000 more or
1000 less than the number, without counting.

Multiplying and dividing in base ten
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7. *Understand that the distributive property is at the heart of strategies and algorithms for multiplication and division

computations with numbers in base-ten notation; use the distributive property and other properties of operations to
explain patterns in the multiplication table and to derive new multiplication and division equations from known ones. For
example, the distributive property makes it possible to multiply 4 x 7 by decomposing 7 as 5 + 2 and using 4 x 7 =4 x (5 + 2) =

(Ax5)+(4x2)=20+8=28.
Fluently multiply one-digit numbers by 10.

9. Use a variety of strategies for multiplication and division within. 100. By end of Grade 3, know from memory products of

one-digit numbers where one of the factors is 2, 3, 4, or 5.

Number—Fractions 3-NF

Fractions as representations of numbers

1. Understand that a unit fraction corresponds to a point on a number line. For example, 1/3 represents the point obtained by

decomposing the interval from O to 1 into three equal parts and taking the right-hand endpoint of the first part. In Grade 3, all number

lines begin with zero.

2. Understand that fractions are built from unit fractions. For example, 5/4 represents the point on a number line obtained by marking

off five lengths of Ya to the right of 0.

3. Understand that two fractions are equivalent (represent the same number) when both fractions correspond to the same
point on a number line. Recognize and generate equivalent fractions with denominators 2, 3, 4, and 6 (e.g., 1/2 = 2/4,%/6
= 2/3), and explain the reasoning.

4. Understand that whole numbers can be expressed as fractions. Three important cases are illustrated by the examples 1 = 4/4, 6
=6/1, and 7 = (4 x7)/4. Expressing whole numbers as fractions can be useful for solving problems or making calculations.

Fractional quantities

5. Understand that fractions apply to situations where a whole is decomposed into equal parts; use fractions to describe parts

of wholes. For example, to show 1/3 of a length, decompose the length into 3 equal parts and show one of the parts.

6. Compare and order fractional quantities with equal numerators or equal denominators, using the fractions themselves, tape

Measurement and Data 3-MD

The number line and units of measure

1. Understand that a number line has an origin (0) and a unit (1), with whole numbers one unit distance apart. Use number
lines to represent problems involving distances, elapsed time, amounts of money and other quantities. In such problems, the

interval from O to 1 may represent a unit of distance, time, money, etc.

2. Understand that a unit of measure can be decomposed into equal-sized parts, whose sizes can be represented as fractions of
the unit. Convert measurements in one unit to measurements in a smaller or a larger unit, and solve problems involving
such mixed units (e.g., feet and inches, weeks and days).

Perimeter and area

3. Understand and use concepts of area measurement.

a. A square with side length 1 unit, called “a unit square,” is said to have “one square unit” of area, and can be used to
measure area.

b. A plane figure which can be covered without gaps or overlaps by n unit squares has an area of n square units. Areas of
some other figures can be measured by using fractions of unit squares or using figures whose areas have been found by

decomposing other figures.
c. When measuring an area, if a smaller unit of measurement is used, more units must be iterated to measure the area in

those units.
. . . 2 2 .2 2 . . .
d. Determine and compare areas by counting square units. Use cm”, m’, in’, ft°, and improvised units.

4. Understand that multiplication of whole numbers can be represented by area models; a rectangular region that is a length
units by b length units (where a and b are whole numbers) and tiled with unit squares illustrates why the rectangle encloses
an area of a x b square units.

5. Solve problems involving perimeters of polygons.
a. Add given side lengths, and multiply for the case of equal side lengths.

b. *Find an unknown length of a side in a polygon given the perimeter and all other side lengths; represent these

problems with equations involving a letter for the unknown quantity.

c. Exhibit rectangles with the same perimeter and different area, and with the same area and different perimeter.
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Representing and interpreting data

6. Draw a scaled picture graph and a scaled bar graph to represent a data set with several categories. Solve one- and two-step
“how many more” and “how many less” problems using information presented in scaled bar graphs. Include single-unit scales
and multiple-unit scales; for example, each square in the bar graph might represent 1 pet, 5 pets, or 10 pets.

7. Generate measurement data by measuring lengths using rulers marked with halves and fourths of an inch. Show the data by
making a dot. plot, where the horizontal scale is marked off in appropriate units—whole numbers, halves, or quarters.

Geometry 3G

Properties of 2-dimensional shapes

1.

Understand that a given category of plane figures (e.g., triangles) has subcategories (e.g., isosceles triangles) defined by
special properties.

Describe, analyze, compare and classify two-dimensional shapes by their properties and connect these properties to the
classification of shapes into categories and subcategories (e.g., squares are “special rectangles” as well as “special

rhombuses”). Focus on triangles and quadrilaterals.

Structuring rectangular shapes

3.
4.

Understand that rectangular regions can be tiled with squares in rows and columns, or decomposed into such arrays.
Structure a rectangular region spatially by decomposing it into rows and columns of squares. Determine the number of
squares in the region using that spatial structure (e.g., by multiplication or skip counting).

Understand that shapes can be decomposed into parts with equal areas; the area of each part is a unit fraction of the whole.
For example, when a shape is partitioned into 4 parts with equal area, the area qfeach part is Y zyrthe area ofthe shape.
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Mathematics | Grade 4

In Grade 4, instructional time should focus on four critical areas: (1) continuing to develop understanding and
fluency with whole number multiplication, and developing understanding of multi-digit whole number division; (2)
developing an understanding of addition and subtraction of fractions with like denominators, multiplication of
fractions by whole numbers, and division of whole numbers with fractional answers; (3) developing an understanding
of area; and (4) understanding that geometric figures can be analyzed and classified using properties such as having
parallel sides, perpendicular sides, particular angle measures, and symmetry.

(1) Students use understandings of multiplication to develop fluency with multiplication and division within 100.
They apply their understanding of models for multiplication (equal-sized groups, arrays, area models, equal intervals
on a number line), place value, and properties of operations, in particular the distributive property, as they develop,
discuss, and use efficient, accurate, and generalizable methods to compute products of multi-digit whole numbers.
Depending on the numbers and the context, they select and accurately apply appropriate methods to estimate
products or mentally calculate products. They develop fluency with efficient procedures, including the standard
algorithm, for multiplying whole numbers; understand and explain why the procedures work based on place value
and properties of operations; and use them to solve problems. Students apply their understanding of models for
division, place value, properties of operations, and the relationship of division to multiplication as they develop,
discuss, and use efficient, accurate, and generalizable procedures to find quotients involving multi-digit dividends.
They select and accurately apply appropriate methods to estimate quotients and mentally calculate quotients,
depending upon the context and the numbers involved.

(2) Students develop understanding of operations with fractions. They apply their understandings of fractions as
built from unit fractions, and use fraction models to represent the addition and subtraction of fractions with like
denominators. Students use the meaning of fractions and the meaning of multiplication to understand and explain
why the procedure for multiplying a fraction by a whole number makes sense. They understand and explain the
connection between division and fractions.

(3) Students develop their understanding of area. They understand and apply the area formula for rectangles and
also find areas of shapes that can be decomposed into rectangles. They select appropriate units, strategies (e.g.,
decomposing shapes), and tools for solving problems that involve estimating and measuring area.

(4) Students describe, analyze, compare, and classify two-dimensional shapes. Through building, drawing, and
analyzing two-dimensional shapes, students deepen their understanding of properties of two-dimensional objects and
the use of them to solve problems involving symmetry.
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Number—Operations and the Problems They Solve 4-NOP

Multiplication and division
1. Find the factor pairs for a given whole number less than or equal to 100; recognize prime numbers as numbers greater than
1 with exactly one factor pair. Example: Tbefactor pairs qf42 are {42, ]}, {21, 2}, {14, 3}, {7, 6}‘
Problem solving with the four operations
2. *Solve multistep word problems involving the four operations with whole numbers.

3. “*Solve problems posed with both whole numbers and fractions. Understand that while quantities in a problem might be
described with whole numbers, fractions, or decimals, the operations used to solve the problem depend on the
relationships between the quantities regardless of which number representations are involved.

4. Assess the reasonableness of answers using mental computation and estimation strategies including rounding to the nearest
10 or 100.

Number—Base Ten 4-NBT

Numbers up to 100,000

1. Understand that a digit in one place represents ten times what it represents in the place to its right. For example, 7 in the
thousands place represents 10 times as many as than 7 in the hundreds place.
Multiplying and dividing in base ten
3. Understand how the distributive property. and the expanded form of a multi-digit number can be used to calculate products

of multi-digit numbers.

a. *The product of a one-digit number times a multi-digit number is the sum of the products of the one-digit number

with the summands in the expanded form of the multi-digit number. Illustrate this numerically and visually using
b.  Algorithms for multi-digit multiplication can be derived and explained by writing multi-digit numbers in expanded
form and applying the distributive property.

of the factorsis 6, 7, 8, or 9.

4. Fluently multiply and divide within_100. By end of Grade 4, know from memory products of one-digit numbers where one

5. Mentally calculate products of one-digit numbers and one-digit multiples of 10, 100, and 1000 (e.g., 7 x 6000). Mentally

calculate whole number quotients with divisors of 10 and 100.

6. Compute products and whole number quotients of two-, three- or four-digit numbers and one-digit numbers, and
compute products of two two-digit numbers, using strategies based on place value, the properties of operations, and/or

the inverse relationship between multiplication and division; explain the reasoning used.

7. Explain why multiplication and division strategies and algorithms work, using place value and the properties of operations.
Include explanations supported by drawings, equations, or both. A range of reasonably efficient algorithms may be covered, not only the
standard algorithms.

Compute products of two-digit numbers using the standard algorithm, and check the result using estimation.

9. Given two whole numbers, find an equation displaying the largest multiple of one which is less than or equal to the other.
For example, given 325 and 7, the equation 325 = 46 x 7 + 3 shows the largest multiple (3f7 less than or equal to 325.

Number—Fractions 4NF

Operations on fractions
1. Understand addition of fractions:

a. Adding or subtracting fractions with the same denominator means adding or subtracting copies of unit, fractions. For

as the other. For example, the sum of the related fractions 2/3 and 1/6 can be computed by rewriting 2/3 as 4/6 and computing
4/6 +1/6 =5/6.

2. Compute sums and differences of fractions with like denominators, add and subtract related fractions within 1 (e.g., 1/2 +
74,3710 +4/100, 7/8 — 1/4), and solve word problems involving these operations.

3. * Understand that the meaning of multiplying a fraction by a whole number comes from interpreting multiplication by a
whole number as repeated addition. For example, 3 X 2/5 = 6/5 because 3 x2/5=2/5+2/5+2/5=6/5.
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4. Solve word problems that involve multiplication of fractions by whole numbers; represent multiplication of fractions by
whole numbers using tape diagrams and area models that explain numerical results.

5. *Understand that fractions give meaning to the quotient of any whole number by any non-zero whole number. For example,
3+ 4 = 3/4, because 3/4 multiplied by 4 equals 3. (The division 3 + 4 means the number which yields 3 when multiplied by 4.)

6. Solve word problems that involve non-whole number quotients of whole numbers; represent quotients of whole numbers
using tape diagrams and area models that explain numerical results.

Decimal concepts
7. Understand that a two—digit decimal is a sum of fractions with denominators 10 and 100. For example, 0.34 is 3/10 +
4/100.

8. Use decimals to hundredths to describe parts of wholes; compare and order decimals to hundredths based on meanings of
the digits; and write fractions of the form a/10 or a/100 in decimal notation. Use > and < symbols to record the results of

comparisons.

Measurement and Data 4-MD

The number line and units of measure
1. Understand that the unit length on a number line (interval from 0 to 1) can be divided into parts of equal fractional length.
Draw number line representations of problem situations involving length, height, and distance including fractional or
decimal units. For example, show distances along a race course to tenths qfa mile on a number line, by dividing the unit length into 10
equal parts to get parts of length 1/10; the endpoint of the segment of 1/ 10 length from O represents 1/10 of a mile from the starting

point of the race. In Grade 4, all numbers lines begin with zero.
Perimeter and area

2. Understand that if a region is decomposed into several disjoint pieces, then the area of the region can be found by adding
the areas of the pieces (when these areas are expressed in the same units).

3. ':'Apply the formulas for area of squares and rectangles. Measure and compute whole-square-unit areas of objects and
regions enclosed by geometric figures which can be decomposed into rectangles. Limit to situations requiring products of one-or
two-digit numbers.

4. *Find one dimension of a rectangle, given the other dimension and the area or perimeter; find the length of one side of a
square, given the area or perimeter. Represent these problems using equations involving a letter for the unknown quantity.

Angle measurement
5. Understand what an angle is and how it is measured:
a. Anangle is formed by two rays with a common endpoint.
b. An angle is measured by reference to a circle with its center at the common endpoint of the rays. The measure of an
angle is based on the fraction of the circle between the points where the two rays intersect the circle.
c. A one-degree angle turns through 1/360 of a circle, where the circle is centered at the common endpoint of its rays;

the measure of a given angle is the number of one-degree angles turned with no gaps or overlaps.

6. Measure angles in whole-number degrees using a protractor; sketch angles of specified measure; “find the measure of a
missing part of an angle, given the measure of the angle and the measure of a part of it, representing these problems with

equations involving a letter for the unknown quantity.

Representing and interpreting data
7. Make a dot plot to display a data set of measurements in fractions of a unit (1/2, 1/4, 1/8). Solve problems involving

addition and subtraction of fractions by using information presented in dot plots. For example, from a dot plot find and interpret

the difference in length between the longest and shortest specimens in an insect collection.

Geometry 4G

Lines and angles
1. Draw points, lines, line segments, rays, angles, and perpendicular and parallel lines; identify these in plane figures.
2. Identify right angles, and angles smaller than or greater than a right angle in geometric figures; recognize right triangles.
3. Classify shapes based on the presence or absence of parallel or perpendicular lines, or the presence or absence of angles of
specified size.
Line symmetry

4. Understand that a line of symmetry for a geometric figure is a line across the figure such that the figure can be folded along

the line into matching parts
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5. Identify line-symmetric figures; given a horizontal or vertical line and a drawing that is not a closed figure, complete the
drawing to create a figure that is symmetric with respect to the given line.
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Mathematics | Grade 5

In Grade 5, instructional time should focus on four critical areas: (1) developing fluency with addition and
subtraction of fractions, developing understanding of the multiplication of fractions and of division of fractions in
limited cases (fractions divided by whole numbers and whole numbers divided by unit fractions); (2) developing
understanding of and fluency with division of multi-digit whole numbers; (3) developing understanding of and fluency
with addition, subtraction, multiplication, and division of decimals; and (4) developing understanding of volume.

(1) Students apply their understanding of fractions and fraction models to represent the addition and subtraction of
fractions with unlike denominators as equivalent calculations with like denominators. They develop fluency in
calculating sums and differences of fractions, and make reasonable estimates of them. Students also use the meaning
of fractions, of multiplication and division, and the inverse relationship between multiplication and division to
understand and explain why the procedures for multiplying and dividing fractions make sense. (Note: this is limited
to the case of dividing fractions by whole numbers and whole numbers by unit fractions.)

(2) Students develop fluency with division of whole numbers; understand why procedures work based on the
meaning of base-ten notation and properties of operations; and use these procedures to solve problems. Based on the
context of a problem situation, they select the most useful form of the quotient for the answer and interpret it
appropriately.

(3) Students apply their understandings of models for decimals, decimal notation, and properties of operations to
compute sums and differences of finite decimals. They develop fluency in these computations, and make reasonable
estimates of their results. Students use the relationship between decimals and fractions, as well as the relationship
between finite decimals and whole numbers (i.c., a finite decimal multiplied by an appropriate power of 10 is a whole
number), to understand and explain why the procedures for multiplying and dividing finite decimals make sense.
They compute products and quotients of finite decimals efficiently and accurately.

(4) Students recognize volume as an attribute of three-dimensional space. They understand that volume can be
quantified by finding the total number of same-size units of volume required to fill the space without gaps or overlaps.
They understand that a 1-unit by 1-unit by 1-unit cube is the standard unit for measuring volume. They select
appropriate units, strategies, and tools for solving problems that involve estimating and